The theory of diffusion in many-dimensional Hamiltonian system is applied to asteroidal dynamics. The general formulations developed by Chirikov is applied to the Nesvorný-Morbidelli analytic model of three-body (three-orbit) meanmotion resonances (Jupiter-Saturn-asteroid system). In particular, we investigate the diffusion along and across the separatrices of the (5, −2, −2) resonance of the (490) Veritas asteroidal family and their relationship to diffusion in semi-major axis and eccentricity. The estimations of diffusion were obtained using the Melnikov integral, a Hadjidemetriou-type sympletic map and numerical integrations for times up to 10 8 years.
Introduction
The application of chaotic dynamics concepts to asteroidal dynamics led to the understanding of the main structural characteristics of asteroids distribution within the solar system. It was verified that chaotic region are generally devoid of larger asteroids while, in contrast, regular regions exhibit a great number of them (see for instance, Berry 1978 , Wisdom 1982 instability, which may be local or global. Subsequent investigations searched for initial conditions leading to instabilities in relatively short time. In many applications, the determination of Lyapunov exponent on a grid of initial conditions was used to get quantitative informations on stability. The inverse of the largest Lyapunov exponent, called Lyapunov time, should be in some way linked to the characteristic time for the onset of chaos (Morbidelli and Froeschlé, 1996) . However, some investigations have shown that many asteroids exhibit intermediary behavior between chaos and regularity. The first registered case was the asteroid (522) Helga (Milani and Nobili, 1992) . This asteroid was in chaotic orbit with a Lyapunov time inch shorter than the age of the solar system, but it exhibited a long period stability. No significant evolution was observed in the orbital elements of (522) Helga for times up to one thousand times its Lyapunov time. Since then, other asteroids have been shown to have Lyapunov times much shorter than the stability times unraveled by simulations (e.g., Trojans, cf. Milani 1993) . Currently, this behavior is known in literature as stable chaos (Milani et al. 1997 , Tsiganis et al. 2002a , Tsiganis et al. 2002b) . Indeed, there is strong evidence that local instability does not mean chaotic diffusion, in the sense that nothing can be said about how much global or local integrals (or orbital elements) could change in a chaotic domain, even when a linear stability analysis shows rather short Lyapunov times (see Cincotta, 2004, Cincotta and Giordano 2008) . Morbidelli (1998, 1999) demonstrated that one source of stable chaos is related with three-body (three-orbit) mean-motion resonances (JupiterSaturn-asteroid system). They observed that asteroids in these resonances exhibit a slow diffusion in eccentricity and inclination, but no diffusion in the semi-major axis. According to the estimates of Nesvorný and Morbidelli (1998) , about 1500 among the first numbered asteroids are affected by three-body mean-motion resonances.
The three-body mean-motion resonances are very narrow since they appear at second order in planetary masses, their typical width being ∼ 10 −3 AU, but they are much more dense (in phase space) than standard two-body mean-motion resonances of similar size. Nesvorný and Morbidelli (1999) developed a detailed model for the three-body mean-motion resonance and presented analytical and numerical evidence that most of them exhibit a highly chaotic dynamics (at moderate-to-loweccentricities) which may be explained in terms of an overlap of their associated multiplets. By multiplet, we refer to all resonances for which the time-derivative of the resonant angle, σp,p J ,pS , satisfieṡ σp,p J ,pS = m JλJ + m SλS + mλ + p̟ + p J̟J + p S̟S ≃ 0,
for given (m J , m S , m) ∈ Z 3 /{0}. In (1) the λ's and ̟'s denote, as usual, the mean longitudes and perihelion longitudes, respectively; (p, p J , p S ) ∈ Z 3 are integers such that i (m i + p i ) = 0 for i ranging over three bodies (Jupiter, Saturn and the asteroid).
We will be dealing in this paper with the case (m J , m S , m) = (5, −2, −2). This three-body resonance seems to dominate the dynamics of, for instance, the asteroids (3460) Ashkova, (2039) Payne-Gaposchkin and (490) Veritas (see Nesvorný and Morbidelli 1999 ). In the case of the first two of those asteroids (with relatively large eccentricity, ∼ 0.15 − 0.20), their behavior looks regular over comparatively long time-scales (typically ∼ 1 − 10 × 10 3 years) while in case of (490) Veritas (with eccentricity, ∼ 0.06) its dynamics looks rather chaotic over similar timescales. The determination of the age of (490) Veritas family has been the concern of some authors who studied stable chaos (Milani and Farinella 1994 Herein, we investigate chaotic diffusion along (and also across) the above mentioned three-body mean-motion resonance by means of a classical diffusion approach. We use (partially) the formulations given by Chirikov (1979) . That formulation are developed to study specifically Arnold diffusion or some kind of diffusion that geometrically resembles it initially called Fast-Arnold diffusion by Chirikov and Vecheslavov (1989, 1993) , as well as the so called modulational diffusion (Chirikov et. al, 1985) . However, although from the purely mathematical point of view several restrictions should be imposed, there are many unsolved aspects regarding general phase space diffusion (see for instance Lochak 1999 , Cincotta 2002 , Cincotta and Giordano 2008 .
The structure of the Hamiltonian used by Chirikov in his first formulation is similar to the Hamiltonians obtained with the perturbations theories of Celestial Mechanics. In particular, the Hamiltonians of analytic models of the threebody mean-motion resonances are directly adaptable, with some restrictions, to Chirikov's formulations.
Let us mention that some progress has been done in the study of Arnold diffusion, particularly when applied to simple dynamical systems, like maps, the latest ones are for instance, the works of Guzzo et. al (2009a) ,(2009b), Lega (2009) . However the link between strictly Arnold diffusion and general diffusion in phase space is still an open matter. Indeed, Arnold diffusion requires a rather small perturbation, when the measure of the regular component of phase space is close to one. Thus, as far as we know, almost all investigations regarding Arnold diffusion involves relatively simple dynamical systems like quasi-integrable maps. In more real systems, like the one investigated in this paper, the scenario is much more complex in the sense that the domain of the three body resonance is almost completely chaotic.
Finally, this work is justified by the fact that an application of all those theories to real astronomical models is still needed.
In Sect. 2, we summarize the general problem of computation of the diffusion rate along the resonance and we discuss the limitations and difficulties to follow Chirikov approach in case of this particular three-body mean-motion resonance. Section 3 is devoted to the resonant Hamiltonian (given in Nesvorný and Morbidelli (1999) ) and its application to the (5, −2, −2) resonance. In Sect. 4, we construct the simplified (or two-resonance) and complete (or three-resonance) numerical models used in our investigations. Moreover, informations about the algorithms and initial conditions used for numerical integrations and the procedure for estimation of the diffusion are also considered in this section. In Sect. 5, we discuss the numerical results on diffusion in the (5, −2, −2) resonance. In this application of the Chirikov theory, we are concerned with the role of the perturbing resonances in the diffusion across and along the (5, −2, −2) resonance and their relationship to diffusion in semi-major axis and eccentricity. Finally, in Sect. 6, we investigate the behavior of the asymptotic diffusion decreasing the intensity of the perturbations in the (5, −2, −2) resonance. In this case, we are interested in the study of the diffusion under the action of an arbitrarily weak perturbation considering scenarios close to that of the Arnold diffusion.
Chirikov's Diffusion Theory
In this section we give Chirikov's (1979) as well as Cincotta's (2002) description of diffusion theory in phase space in order to provide a self-consistent presentation of the subject. Since most of the results and discussions given here are included in at least these two reviews, we just address the basic theoretical aspects.
Let us consider a Hamiltonian system having several periodic perturbations that can create resonances. The initial conditions are chosen such that the system is in the domain of a main resonance, called guiding resonance. The term of perturbation corresponding to the guiding resonance is separated from the others, which will be called of perturbing resonances. The Hamiltonian has the following form
where V G and m G are, respectively, the amplitude and resonant vector of the guiding resonance, Vm and m are, respectively, the amplitude and resonant vectors of perturbing resonances. Here (I, θ) are the usual N -dimensional action-angle coordinates for the unperturbed Hamiltonian H 0 (N ≥ 3), the vectors m G , m ∈ Z N /{0} and V G , Vm are real functions. The small parameter perturbation, ǫ, is a real number such that ǫ ≪ 1. The resonance condition is fixed by
The surface S (I r ) = 0 in the action space, is called resonant surface.
Dynamics of the guiding resonance in the actions space
Let us first consider the simple case of one single resonance, that is, let us assume that all Vm = 0 for m = m G , and we chose initial conditions close to the separatrix of the guiding resonance. In the ω-space, the resonance condition m G ·ω r = 0 has a very simple structure, just a (N − 1)-dimensional plane the normal of which is the resonant vector m G . In the I-space, m G · ω r = 0 leads to the (N − 1)-dimensional resonant surface S (I r ) = 0, whose local normal at the point I = I r is
In addition, we consider the (N − 1)-dimensional surface H 0 (I) = E (in Ispace) and, if we suppose that ω (I r ) is an one-to-one application, we can also
The manifolds defined by the intersection of both resonant and energy surfaces has, in general, dimension N −2. By definition, the frequency vector ω is normal to the energy surface in I-space, since it is the I-gradient of H 0 . The latter condition, together with the resonance condition Eqn. (4) , shows that the resonant vector m G lies on a plane tangent to the energy surface at I = I r . Furthermore, the equations of motion (only with H 0 and the guiding resonant term) show thatİ is parallel to the constant vector m G . Thus the motion under a single resonant perturbation lies on the tangent plane to the energy surface at the point I = I r in the direction of the resonant vector.
Local change of basis
Now, let us introduce a canonical transformation (I, θ) → (p, ψ) by means of a generating function
where µ ik is a N × N matrix with µ 1i = (m G ) i . The transform action equations are
The phases ψ k , k = 1, . . . , N are supposed to be non degenerate, i.e., We choose, µ 1 = m 1 ≡ m G and since the vector m G is orthogonal to the frequency vector ω r (due to the resonance condition), it seems natural to take µ 2 = ω r / |ω r | . The remaining vectors of the basis are µ k = e k , k = 3, . . . , N, the vectors e k are orthonormal to each other and to µ 2 . Let us define one of the e k , say es, orthogonal to the normal n r to the guiding resonance surface. In general, all the vectors e k will be orthogonal also to µ 1 , except es. In general, es will not be orthogonal to m G . Then, considering N = 3 and since p = p i µ i , i = 1, . . . , 3, we can say that p 1 measures the deviations of the actual motion from the resonant point across the guiding resonance surface, p 3 measures the deviation from the resonant value along the guiding resonance, while p 2 measures the variations in the unperturbed energy.
For N ≥ 3 degrees of freedom the subspace of intersection of the two surfaces leads to a manifold of N −2 dimensions. Following Chirikov (1979) , this subspace is called diffusion manifold. The N − 2 vectors e k locally span (at the resonant value) a tangent plane to the diffusion manifold called the diffusion plane. Then, in the new basis, the action vector may be written as:
We write now the Hamiltonian (2) in terms of the new components of the action. Expanding up to second order in p k , using the orthogonal properties of the new basis, recalling that ψ 1 is the resonant phase and neglecting the constant terms, we obtain for (k, ℓ) = (1, 1)
with 1
where we have written
. These functions are evaluated at the point I = I r or p = 0. In absence of perturbation (V = 0), the components p k , k = 2, . . . , N are integrals of motion, which we set equal to zero so that I r is a point of the orbit. Then the Hamiltonian (8) reduces to
where
is the resonant Hamiltonian associated to the guiding resonance. It is a simple pendulum. Note that the stable equilibrium point of the pendulum is
To transform the phase variables, we take into account that the dot product is invariant under a change of basis. Recalling that ψ k = ℓ µ kℓ θ ℓ , then if ν denotes the vector m in the new basis, we have: ϕm ≡ m·θ = ν · ψ, where m k = ℓ ν ℓ µ ℓk . As we can see, while the m k are integers, the quantities ν k are, in general, noninteger numbers, due to the scaling of the phase variables.
Changes due to perturbation
As mentioned above, for V = 0 the p k are integrals of motion and since H 1 is also an integral, we have the full set of N unperturbed integrals:
But if we switch on the perturbation, these quantities will change with time. This can be seen using the equations of motion for the Hamiltonian (8), wherė ψ j = ∂H/∂p j , j = 1, . . . , N . Performing derivatives and integrating, considering that for V = 0, p ℓ (ℓ = 2) are constants and
where δ ij is the Kronecker's delta and ψ j0 is a constant. To get ϕm (t), we evaluate the dot product
and βm is a constant and
The second relation of (12) is obtained taking into account that
and the fact that, since µ 2 is orthogonal to all µ i , i = 2 and µ 2 · µ 2 = 1, the dot product only contributes to i = 2. Then,
We are now ready to compute the time variation of the unperturbed integrals. From (11) and (3), forṗ k = −∂H/∂ψ k , k = 1, we easily finḋ
. This equation holds for every component of the momentum p, except for p 1 . Since p 1 is not an integral, we use H 1 , instead of p 1 .
Chirikov (1979) calculated the total variation of H 1 with the aim of constructing a whisker map to describe the Arnold diffusion. However, instead of it, we prefer, in the study of three-body resonances, to compute the evolution of the components of the momentum p by means of numerical integrations or, alternatively, by mean of a Hadjidemetriou-type sympletic map (see Sect. 4). However, we use a variation of Chirikov's construction to obtain a theoretical estimate of the slow diffusion. We then proceed and compute the total variation of p k . For details about the construction of the whisker map we refer to Chirikov (1979, Sect. If ǫ is small enough, the phase space domains associated with all resonances present in (3) do not overlap. Then a standard procedure is to replace ψ 1 (t) andψ 1 (t) by the values on the unperturbed separatrix and to solve analytically (19) . We make first the integration of (19) over a complete trajectory inside the stochastic layer assuming that ψ 1 = ψ sx 1 and Km = 0. Indeed, as mentioned previously for V = 0 the p ℓ (ℓ = 1) are integrals of motion and the phases ϕm can be estimated considering p ℓ (ℓ = 1) = 0, such that Km = 0. Then, the total variations of the p k 's are given by
The estimate of integral into (20) is done considering the known solutions for the phase ψ sx 1 (t) obtained near both branches of unperturbed separatrix of the pendulum H 1 . More details about these calculations are given in the appendix of this paper. Here we only described the main steps and the final result for ∆p k (t).
Chirikov shown that the contributions of integral in (20) in both branches of separatrix are described in terms of the Melnikov integral with arguments
where the double sign indicates the both separatrix branches and Ω G is the proper frequency of the pendulum Hamiltonian H 1 . In order to simplify the calculations, Chirikov considered only even perturbing resonances and the contribution of Melnikov integral with negative argument was neglected under the condition |λm| ≫ 1.
In contrast, the perturbations in the three-body mean-motion resonance model are non even and the arguments are small. Moreover, the asymmetry in the Nesvorný-Morbidelli model implies that the time of permanence of the motion near each separatrix is different. Thus, we introduce the factor R T which takes into account the difference in the time of permanence of the motion in each separatrix branch. Hence, after some algebraic manipulations the Eqn. (20) is rewritten as
with
where (22) is a theoretical estimate for the total variation of the momenta p k 's inside the stochastic layer around of separatrix of the pendulum Hamiltonian H 1 , and it is valid for non-even perturbation and for small λm. Estimations of the Melnikov integral, A 2|ξm| (|λm|), in terms of ordinary function can be obtained from the values of |λm| and |ξm|. On the other hand, the factor R T can be estimated from numerical experiments.
The diffusion rate
In Chirikov's theory of slow diffusion, each resonance has a role in the dynamics of system. The main resonance, that is the guiding resonance, defines the domain where diffusion occurs. The stronger perturbing resonance is called layer resonance. That resonance perturbs the guiding resonance separatrix and it generates the stochastic layer and its properties (width, KS-entropy, etc.). Thus, the layer resonance controls the dynamics across the stochastic layer. The weaker perturbing resonances are called driving resonances. They perturb the stochastic layer and control the dynamics along the stochastic layer. Then, the driving resonances are responsible for the drift along the stochastic layer, i.e., the slow diffusion. We are interested in obtaining an analytical estimate for the slow diffusion. To fulfill this task, we will estimate the diffusion in the actions whose direction is given along the stochastic layer.
We introduced the slow diffusion tensor
where Ta = ln (32e/ws) /Ω G is the characteristic time of the motion within the stochastic layer of the guiding resonance (equal to half the period of libration or to one period of circulation of ψ 1 near the separatrix) and the average in the numerator is done over successive values of ϕ 0 m . Here ws is the width of the stochastic layer given by
(see Sects. 6.2 and 7.3 of Chirikov 1979). In the last equation, the subscript L indicate the layer resonance. The components of the diffusion tensor (24) are estimated using the Eqn. (22) . Hence, because of dependence with the phase ϕ 0 mD , the average in (24) (22) the diffusion tensor components in (24) are described as
Terms with different m D are averaged out. Now, there still remains the problem of estimating sin
mD . To solve this problem we need to consider that the structure of the stochastic layer affects the motion of the system. In fact, studies of the slow diffusion theories have shown that the stochastic layer is formed by two different regions. The first, more central, near the unperturbed separatrix, is totally chaotic. The second, more external, near the edge of the stochastic layer, includes domains of regular motion forming stability islands. When the solution approaches the edge of the stochastic layer, it could remain rather close to the neighborhood of those stability islands for long times. This phenomenon, called stickiness, leads to a reduction in the diffusion rate (for more details about the stickiness phenomenon see the recent work of Sun and Zhou 2009 and references therein). Thus, near stability islands some correlations in the phases arise, which dominate the motion across and along the stochastic layer. In this case, the evolution of phases ϕ 0 mL and ϕ 0 mD cannot be random simultaneously, and their correlation decreases the diffusion rate (see Chirikov 1979 , Cincotta 2002 .
In order to estimate the correlation between sin 2 ϕ 0 mD and sin 2 ϕ 0 mL , we use the so called reduced stochasticity approximation, introduced by Chirikov (1979) like an additional hypothesis. Hence, the theoretical rate of diffusion given by (26) may be now evaluated and has the form
The Eqn. (27) is an estimate for the theoretical diffusion inside the stochastic layer. The diffusion coefficient includes two parameters that reduce the diffusion rate: R T due to non-even perturbations and Rm D due to the reduced stochasticity approximation. The expression given here for the diffusion tensor is different of that given by Chirikov because of the introduction of the parameter R T and by the possibility of having a small argument in the Melnikov integral. Moreover, we have considered that the reduction factor due the reduced stochasticity approximation is different for each driving resonance, while Chirikov considers the same value for all of them.
3 Application to 3-body mean-motion resonance
The Hamiltonian, in the extended phase space, associated to a given (m J , m S , m) resonance, in Delaunay action-angles variables, is
are the mean longitudes and longitudes of the perihelions of the asteroid, Jupiter and Saturn, respectively, and
are the actions conjugated to them. The frequencies n J , v J , n S , v S are the meanmotion and perihelion motions of Jupiter and Saturn, respectively. The first term in (28) describes the Keplerian motion of the asteroid and the terms proportional to the planetary actions extend the phase space to incorporate the motion of the angles λ, ̟, λ J , ̟ J , λ S , ̟ S in the unperturbed Hamiltonian. Details concerning the derivation of this Hamiltonian are given by Nesvorný and Morbidelli (1999) , whose main results and formula are used in this paper. Note that this Hamiltonian does not satisfy the convexity condition, however, this fact should not be a restriction for the application of Chirikov's diffusion theory.
The perturbing function, following Nesvorný and Morbidelli (1999) , has been splitted into its secular and resonant parts
where, αres = ares/a J is the semi-major axis corresponding to the exact resonance, 
defined by
and
The variables (Π J , ̟ J , Π S , ̟ S ) remain unchanged. We recall that the resonant perturbation (32) does not depend onν J andν S (so that N J , N S are constant that we can take as equal to zero). Let us write
Eliminating the constant terms, the Hamiltonian (28) may be written
is the unperturbed Hamiltonian and the perturbation is described bỹ
Nesvorný developed a procedure allowing to obtain the coefficients (42) in terms of power series of the asteroid eccentricity only. In the last column of Table 1 Fig. (1) . The next step is to introduce the Chirikov variables (p,ψ) allowing to have a separate representation of the actions across and along the resonance within the stochastic domain of the guiding resonance. The canonical transformation, is performed by the generating function (6), with a transformation matrix, µ, given by 
2 .
Once the matrix of the transformation is defined, the new variables (p,ψ) can be rapidly obtained using the relations (7). In the new basis the arguments of the periodic terms change. The new vectors ν defined by m · θ = ν · ψ are shown in Table 1 , in addition to the resonant vectors m and their respective coefficients.
The procedure of previous section was applied in the Nesvorný-Morbidelli model, and leads to the Hamiltonian (8) with N = 4. The three perturbation coefficients β G , β L and β D of the guiding, layer and driving resonances, respectively, are calculated at the resonant values I r , which satisfies (4). In the plane N Π the resonant condition (4) leads to a curve satisfying to
where C 1 (N r ) and C 2 (N r ) are given in terms of N r . Then, the solutions of (44) can be obtained analytically for a fixed value of N r . However, in Nesvorný-Morbidelli model the coefficientsβm's are given as functions of the asteroid eccentricity (see Table 1 ). Therefore, we must use the definitions of Delaunay variables (30) to determinate (a r , e r ). The resonant eccentricity is determined through 
Numerical Experiments
In this section, we describe the numerical experiments done to investigate the diffusion across and along the stochastic layer of the three-body mean-motion resonance (m J , m S , m) = (5, −2, −2) and its relations with the diffusion in semimajor axis and eccentricity. In these investigations the diffusion across will be described by the actions (p 1 , p 2 ) and the diffusion along by the actions (p 3 , p 4 ). In order to determine the time evolution of each action p, we use the equations of motion obtained from Hamiltonian (8) with N = 4. Then, for each value p k (t), we use the equations of transformation (7) to obtain the respective values of N (t) and Π(t) and the definition of the Delaunay actions in (30) to obtain a(t) and e(t). Two main models were considered in the numerical experiments: (i) simplified (or two-resonance model) and (ii) complete (or three-resonance model). In the first one, only one term of the perturbation -the layer resonance -is considered. In the complete model, two terms are considered: the layer and one driving resonance. In both cases the guiding resonance is given by m G = (1, −1, 0, 0).
Two different techniques were used to construct the solutions. In a first set of experiments, the equations of motion of the Hamiltonian (8) were numerically integrated using the Burlish-Stöer method, for times in the interval 10
8 years. The results of these simulations were sampled with an output time step of 10 years. The simulations were done for the eccentricities 0.05 and 0.25 with the initial conditions given on the separatrix of the guiding resonance (p 10 = 2 M G β r G , p 20 = 0, p 30 = 0, p 40 = 0, ψ = 0). The main goal in these experiments was the study of the variation of the rate of diffusion across and along as a function of the total time of the simulations. Moreover, we investigate the correlations between the diffusion in the Chirikov actions p and the diffusion in semi-axis major and eccentricity.
In the other set of experiments, the simulations were done using an Hadjidemetrioutype sympletic mapping (Hadjidemetriou 1986 (Hadjidemetriou , 1988 (Hadjidemetriou , 1991 (Hadjidemetriou , 1993 
where η is the mapping step and the Hamiltonian is given by (8) . The mapping equations are
The procedure to determinate the semi-major axis and eccentricity for each point (p
) of the trajectory is analogous to that discussed above. The goal of these experiments is to obtain the diffusion contour plots in the region of the 5,-2,-2 resonance in the plane (a, e) (that plane is shown in Fig. 1 ) for the two models considered. In this case, the total time of integration used is the 10 8 years with η = 10 years. The initial conditions are defined by the knots of a grid in the plane (a, e), on the rectangle (3.17 ≤ a 0 ≤ 3.18)U.A., (0.01 ≤ e 0 ≤ 0.30). The initial condition of the state vector p 0 , for each point of the grid, was obtained using the transformation equations (7) and the definitions of Delaunay variables. The initial condition for the phases is ψ k0 = 0, k = 1, . . . 4. The use of the Hadjidemetriou map was instrumental allowing the computation of the solutions starting on each point of the grid which, otherwise, would demand an excessively large amount of CPU-time. The comparison of results provided by the map with those obtained by integrating the Hamiltonian flow, do not show significant differences in the numerical computation of the diffusion coefficient (see below), at least for the two values of the eccentricity used (0.05 and 0.25).
Finally, we need a numerical procedure to estimate the diffusion coefficient of each element of the set (p 1 , p 2 , p 3 , p 4 , a, e). In his investigations, Chirikov (1979 Chirikov ( , et al. 1979 Chirikov ( , 1985 ) used a particular method to determine the diffusion coefficient of the total energy H of the system. After Chirikov (1979) , this procedure allows the processes that are really stochastic to be separated from those associated to bounded oscillations of periodic nature. Chirikov's procedure for experimental determination of the diffusion coefficient consist in dividing the total time of simulation t int in N k sub-intervals of length (∆t) k and the calculation of the mean value,p i , for every sub-interval. The contribution to the diffusion rate for a given pairp im , separated by interval of time (m − ℓ) (∆t) k , is given by (p im −p i ℓ ) 2 / |m − ℓ| (∆t) k . To obtain the rate of diffusion, the contributions of the considered pairs are averaged over all the combinations m = ℓ. That is,
The sub-intervals, used to estimate the mean values of quantitiesp i , were obtained with k = 10 and the length (∆t) 10 = t int /10.
The same procedure was used to determine the diffusion of the semi-major axis, D k a , and of the eccentricity, D k e . We have also estimated the eccentricity variation in these experiments using a definition of diffusion rate of the random walking type (see for example Eqn. (24)):
(49)
Results and discussion
In this sections, we discuss the results obtained in the numerical experiments described above. In the discussion we will call action across to (p 1 , p 2 ), and across diffusion to (D 1 , D 2 ), where we suppressed the superscript k. In the same way we call action along to (p 3 , p 4 ) and along diffusion to (D 3 , D 4 ).
The role of number of the perturbing resonances in the diffusion
In his theory, Chirikov showed that the number of perturbing resonances is important for the dynamics of systems with many-dimensional Hamiltonians. The results, in this case, repeat what is know from the general theory of Hamiltonian systems. In a system with two degrees of freedom, the resonances may be isolated by KAM tori, but for (N > 3) the dimensionality may allows, in principle, a solution to visit the whole phase space when t → ∞. Several experiments, using the Burlish-Stöer integrator, were done see the way in which the number of perturbing resonances in the diffusion behavior. Figure 2 shows the results for the diffusion coefficients D i , i = 1, 2, 3, 4 in the simplified and complete models as function of total integration time for eccentricities equal to 0.05 and 0.25, . In the plots of Fig. 2 , we see that the estimated diffusion increases in the low eccentricities up to a maximum reached for 10 3 − 10 4 years. This behavior is explained by the fact that the solution needs to fill the stochastic domain in the direction across to it. After that maximum, in the simplified model the diffusion coefficients for all actions decrease continuously. This decrease indicates that the variation of the momenta in both directions, across and along the stochastic layer are bounded (as the total time increase, only the denominator of (48) grows making the result to decrease). As predicted by Chirikov's theory of slow diffusion, the actions p 3 and p 4 along the resonance do not evolve, notwithstanding the absence of topological barriers for its evolution. Without a driving resonance, there is no longperiod evolution of the solution along the stochastic domain. In our experiments, a very distinctive reduction in the diffusion is observed in the case e = 0.25 after t int ∼ 10 7 years. This behavior is likely due to a sticking of the solution to some regular domain. The behavior of the diffusion in the complete model is more complicated. In the experiment with e = 0.05, the diffusion coefficients for the actions across the stochastic domain after 10 8 years are smaller than for the actions along it. This difference reaches approximately four orders of magnitude in this case and is due, probably, to the limitation of the motion across the stochastic layer imposed by its width. For e = 0.25 (right plot of Fig. 2) , the diffusion coefficients in the two models present almost the same characteristics observed for e = 0.05, except by the fact that, now, the diffusion in the actions along the stochastic layer, present a slow reduction with the integration time after 10 4 years. This behavior is likely due to the absence of overlapping of resonance at high eccentricities, in contrast with the case of low eccentricities, where the three resonances overlap (see Fig. 1 ).
Diffusion in semi-major axis and eccentricity in the complete model
The study of the previous section was completed with the computation of the diffusion coefficients for the orbital elements: semi-major axis and eccentricity in the complete model. Figure 3 presents the results. The results for the actions shown in this figure are the same shown in Fig. 2 , but with a magnified scale. We see that, for large total times, there exist a correspondence between the diffusion coefficients of the actions across (p 1 , p 2 ) and of the semi-major axis, and between the diffusion coefficients of the actions along the resonance (p 3 , p 4 ) and of the eccentricity. This behavior can be understood observing the geometry of resonance (5, −2, −2) shown in the Fig. 1 . The separatrices of resonances are straight lines and the motion, along one of these separatrices, has constant semi-major axis and variable eccentricity. Following the discussion presented in Sect. 5.1, and the comparison done in the previous section for the simplified and completed models, we know that the drift along the separatrices only occurs if there is at least one driving resonance. Hence, the eccentricity diffusion is due to the driving resonance.
As a complement to the previous discussion, we note that the variations in semi-major axis occurs in the horizontal direction, the same direction of the actions (p 1 , p 2 ). The behavior of the diffusion in semi-major axis is similar to the diffusion of the actions across the resonance (p 1 , p 2 ) and is bounded by the width of the stochastic domain. A consequence of this fact is that the diffusion coefficient in the semi-major axis is smaller than that for the eccentricity (in the complete model, the diffusion along is not bounded).
The Fig. 4 shows the variation of the eccentricity calculated using initial conditions forming a grid in the plane (a, e) (the same grid of Fig. 4(a) . In this case, the larger variations in eccentricity occur for small values of the eccentricity. Two shallow maximums are formed, which are likely related with the eccentricity value at the intersection of the separatrices of the guiding and layer resonances (the only secondary resonance considered in the simplified model). The results for the complete model are shown in Fig. 4(b) . In this case, the eccentricity variation reaches high values in the domain of low eccentricities -between 0.01and 0.125 -with a maximum for < e >∼ 0.05. This maximum is certainly a result of the overlapping of the resonances in low eccentricities, forcing the actions along the resonance.
In this model for mean eccentricities between 0.125 and 0.20 the variations are of the same order. The distributions observed in the Fig. 4(b) is in agreement with Nesvorný's unpublished data for 45 numbered asteroids of the (5, −2, −2) resonance (see the Table 2 in Nesvorný and Morbidelli 1998). The use of the models with only one perturbing resonance does not allow to get the distribution of the eccentricity variation observed in Fig. 4(b) .
The stochastic domain in the plane (a,e). Dependence on the initial conditions
The diffusion coefficients were calculated on a large set of initial conditions to assess the domain where the solutions present stochastic behavior. The analysis was done using simulations over t int ∼ 10 8 years, on the points of a grid of initial conditions in plane (a, e). A Hadjidemetriou-type sympletic mapping was used instead of expensive numerical integration to allow a large number of simulations. Figure 5 shows the contour plots of the diffusion coefficients of p 4 . It shows the stochastic domain of the guiding resonance (the light gray areas in Fig. 5) . Note that the stochastic domain follows the geometry of the unperturbed separatrix of Fig. 1 . Also note that the results for the complete model show a stochastic domain (a, e) larger than that observed for the simplified model. These differences are easily understood if we note the overlapping of the three resonances in the considered range of eccentricities. Figure 1 shows that the separatrices of the layer and driving resonances are, for almost all eccentricities, interior to the domain of the guiding resonance. At low eccentricities, however, the separatrices cross one another. Thus, in low eccentricities, one solution crossing the chaotic neighborhood of the separatrix of the guiding resonance, also cross the separatrices of the layer and driving resonances. The driving resonance acts pushing the actions along the guiding resonance. The magnitude of the push is determined by the phase ϕm D and amplitude βm D .
At variance with the complete model, the simplified model presents very low diffusion, in low eccentricities, as seen in Fig. 2 . In this case, the absence of the driving resonance (only the guiding and layer are considered in the simplified model) implies in the absence of evolution along the guiding resonance. 
Asymptotic behavior
Chirikov theory of slow diffusion was constructed to study the diffusion under the action of an arbitrarily weak perturbations, and the diffusion coefficient was computed there using the asymptotic estimate of Melnikov's Integral. The asymptotic behavior of the three-body resonance model of Nesvorný and Morbidelli was studied using the same technique devised by Chirikov. Figure 6 shows the variation of the diffusion coefficients along the resonance, for two different initial eccentricities (0.05 and 0. diffusion coefficients in the central part are not different form those of solutions starting on the separatrices. Figure 6 shows the diffusion coefficient D 3 for e = 0.2 and for the low eccentricity case e = 0.05. The figures for the coefficient D 4 are not shown since they are almost identical to those shown for D 3 . Figure 6 shows the 3 different possibilities.
1. The first section of the figures, corresponding roughly to λm D 2, is characterized by complete chaos. For the smallest λm D , one sees the same phenomenon discussed in Sect. 5.1: the background diffusion appear small for some shorter runs because they do not cover the time necessary to allow the solution to fill the chaotic layer; but when time span grows, the diffusion values increase as expected. In this section, in general the diffusion coefficients for solutions starting in the central part or on the separatrices are equal showing that the whole resonance domain is chaotic. A few exceptions appear, as shown in Fig. 6(b) . In addition we may see in this figure, for λm D ∼ 1, a sudden decrease of the background diffusion indicating that the corresponding solution stuck to some regularity island during its evolution. However this sticking is not permanent and the background diffusion grows when longer time spans are considered.
The background values are shown in show a diffusion equal to the background diffusion. The interpretations is that the stochastic layer is this case is so thin that the used initial conditions are no longer within them. (For that sake, the locus of the separatrices should be computed with very large precision. See e.g. Froeschlé et al. 2006) . One striking feature in this section is that an increase in the time span by a factor 10 means a decrease in the background diffusion by a factor 10 3 . This is a clue for the fact that the solutions are dominated by periodic terms. Indeed, if we consider one periodic term with amplitude proportional to ǫ and frequency ω, its contribution to the average momentum in an interval [a, b] is proportional to where si is the sine-integral function. The diffusion coefficients are given by the square of the average variation of the momentum divided by the total time (see Eqn. 24) and then
D . The inclination -4 of the straight lines in the log-log plots can be easily checked.
The diffusion of the solutions in the neighborhood of the separatrix may be determined from Eqn. 27. This equation involves the intensity of the perturbation (related to λm D ) and two unknown parameters: the factor of reduction Rm D and the factor of odd perturbations R T . The factor of reduction corresponds to Chirikov's hypothesis of reduced stochasticity (due to holes, the solution does not fill the strip around the separatrix); the other factor comes from the fact that the perturbation is not even and thus the values of the diffusion coefficient are not the same for solutions in both separatrices (the solution may remain circulating near one of the separatrices at time different of the time it remain near the other). Chirikov's theories provide heuristic tools to understand the diffusion observed in both eccentricity and semi-major axis of asteroids inside the (5, −2, −2) resonance. The multi-dimensional Hamiltonians of the three-body (three orbit) mean-motion resonances may be studied with the theories developed by Chirikov and collaborators, mainly because of the particular geometry of those resonances in the plane (a, e). The results obtained in this paper for the (5, −2, −2) three-body meanmotion resonance confirms the role of the resonances in the raising of diffusion across and along the main resonance as foreseen in Chirikov's theories.
The diffusion calculations presented in this paper show that diffusion in semimajor axis is related with the diffusion in the across actions (p 1 , p 2 ) while the diffusion in eccentricity is related with the diffusion in the along actions (p 3 , p 4 ). The diffusion coefficient for the semi-major axis tends to small values showing that the variation of the semi-major axis remains small. It indicates the existence of barriers on both sides of the stochastic layer limiting the motion across the resonance.
The comparison between simplified and complete model results shown that the diffusion in eccentricity is presumably due to the presence of at least one resonance driving the motion along the guiding resonance. This behavior is similar to the expected behavior of the Arnold diffusion, but, differently of it, the diffusion here is well apparent and the diffusion coefficients remain high. For this reason it was sometimes called Fast Arnold Diffusion (Chirikov and Vecheslavov 1989, 1993) .
The structure of the (5, −2, −2) resonance is formed by several overlapping resonances, particularly at low eccentricities. Thus, diffusion across (5, −2, −2) resonance may be no longer limited to the thin chaotic layers (stochastic layers), but it fills the whole resonance zone. The diffusion along the resonance could be due to a multiplet. In this scenario, we have a random motion across the resonance, due to the overlap of several resonances belonging to a multiplet, and another, likely due to weaker resonances, which drive the diffusion along the guiding resonance. Arnold diffusion might occur inside the stochastic layer formed around the separatrix of the guiding resonance under the action of sufficiently weak perturbations. At variance, thick layer diffusion can appear for perturbation parameters in a broad interval. Although this mechanism show a similar exponential dependence of diffusion rate as a function of some system parameters, the mean rate of thick layer diffusion is generally larger than any theoretical estimation of Arnold diffusion. Therefore, it seems that for the real problem would be more appropriate to call the diffusion with another name -asymptotic diffusion of Chirikov-Arnold -due to the fact that this keeps some features of the Arnold diffusion, but late very well characterized by Chirikov like some distinct.
As we mentioned before, we believe that the connection between rigorous investigations concerning strictly Arnold diffusion and that observed in real physical systems like this, is still an open subject. As Lochak (1999) pointed out, the global instability properties of near-integrable Hamiltonian systems are far from well-understood. It could almost be said that little progress has been made after pioneering work Arnold, and new ideas are definitely called for.
Finally, the good results showed that the Chirikov slow diffusion theory can be used in broader investigations considering more resonances for (5, −2, −2), as well applied for the others three-body (three orbit) mean motion resonances and also can include the inclination of the asteroid orbit.
A Estimate of total variation of the momenta p k 's
To estimate the integral in (20 we use the approach done by Chirikov (1979) . In fact, the unperturbed separatrix is defined by ψ sx 1 (t) = 4arctan e ±Ω G( t−t 0 ) ,
is the proper frequency of the pendulum Hamiltonian H 1 . The double sign indicates the two separatrix branches: The positive sign correspond to the upper separatrix 0 ≤ ψ sx 1 < 2π , and the negative corresponds to the lower separatrix −2π ≤ ψ sx 1 < 0 . The stable equilibrium points lie at ψ 1 = ±π, respectively. (This non usual separation of the intervals where the two branches are considered allows ψ 1 and p 1 to have the same signal in each separatrix and simplifies the next calculations. For the usual presentation, the reader is referred to the study of the motions near the separatrix of pendulum in the Appendix B of Ferraz-Mello, 2007.)
We introduce a time variable change τ = Ω G t − t 0 , with ψ sx 
where ϕ 0 m = ξmψ 0 1 + ωmt 0 + βm, with ψ 0 1 = π, and
Or, after expansion of the right-hand side, 
The contribution of the second term of (55) is determined by the relative signs of ξm and λm. Using the absolute values to ξm and λm, we can introduce the Melnikov integral in the form
where A 2|ξm| is the Melnikov integral with argument ± |λm|. Then, the integral in (20) is
In the other branch of the separatrix, ψ sx 1 has the signal changed, but the particular symmetry of this equation makes it invariant to the sign change of ψ sx 1 and, thus, one obtains the same result (58). Indeed, if ψ sx 1 < 0 the parity of cosine makes the integral (57) to be
where we used ψ sx 1 (τ ) = − ψ sx 1 (τ ) . Then, the variations in the actions p k can be obtained introducing the result (59) into (20) :
Chirikov (1979) estimated the diffusion using the result of the last equation. In order to simplify the theoretical estimate of the diffusion, Chirikov considered only even perturbing resonances and neglected the contribution of the perturbation with negative argument under the condition |λm| ≫ 1.
In the case of the three-body mean-motion resonance model, the perturbation are non even and it is not possible to neglect the contribution of perturbations for which |λm| is small. Then, each perturbation contributes differently when the motion lies close to a separatrix where λm > 0 or λm < 0. Moreover, the odd perturbations in the Nesvorný-Morbidelli model makes necessary to take into account that the times of permanence of the motion near each separatrix are not equal. This is done by considering that the solution lies only a fraction of total time near the separatrix with λm > 0. To take into account this asymmetry we introduce the factor R T
where T λ is the time that the solution stay in the neighborhood of separatrix with λm > 0 and T is the total time. Then, the Eqn. (60) is rewritten as
Equation (62) is valid for non-even perturbation and for small λm. In order to obtain estimation of (62) in terms of ordinary functions we must know the values of |λm| and |ξm|. In general, the relations to A 2|ξm| depend on the exponential term with argument |λm| (see Appendix A in Chirikov 1979 ).
